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Let R be a prime ring and M an n-additive mapping on R such that
w  . xM x, . . . , x , x s 0 for all x g R. If char R s 0 or ) n, then there exist map-
 .pings m of R into the extended centroid C of R such that M x, . . . , x si
n  . ny i m x x for all x g R. If, in addition, R is not algebraic of bounded degreeis0 i
F n, then for each i there exists an i-additive mapping M of Ri into C such thati
 .  .m x s M x, . . . , x for all x g R. Q 1997 Academic Pressi i
Let R be an associative ring and A an additive subgroup of R. A
w  . xmapping f of A into R is called commuting if f x , x s 0 for all x g A,
w x w xwhere u, ¨ denotes the commutator u¨ y ¨u. In 6 , Posner initiated the
study of commuting mappings by showing the nonexistence of a nonzero
commuting derivation on a noncommutative prime ring. Since then a lot of
work has been done concerning commuting mappings. Many of these
w xresults were simultaneously generalized by Bresar 2 in 1993. He showedÆ
that any commuting additive mapping f of a prime ring R into itself is of
 .  .the form f x s l x q m x where l is an element in C, the extended
centroid of R, and m is an additive mapping form R into C.
Let n be a natural number and M : An ª R. We say that M is
 .n-additi¨ e if M x , . . . , x is additive in each variable x , that is,1 n i
 .  .  .M x , . . . , x q y , . . . , x s M x , . . . , x , . . . , x q M x , . . . , y , . . . , x1 i i n 1 i n 1 i n
for all x , y g A and i s 1, 2, . . . , n. The mapping T : A ª R defined byi i M
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 .  . w xT x s M x, x, . . . , x is called the trace of M. In 3 the description ofM
all commuting traces of biadditive mappings on a prime ring R is given by
 . 2Bresar. It is shown that every such trace T is of the form T x s l x qÆ M M
 .  .m x x q n x for all x g R, where l is an element in C, m, n are
mappings of R into C, and m is additive, provided the characteristic of R
is not 2 and R is not algebraic of bounded degree F 2 over C. On the
other hand, the commuting trace of a triadditive mapping on the skew
w xelements of a prime ring with involution was investigated in 1 by Beidar,
Martindale, and Mikhalev and similar results were obtained. In this paper,
we will generalize Bresar's theorem by showing that the commuting traceÆ
 . n  . ny iT of an n-additive mapping M is of the form T x s  m x x ,M M is0 i
where m is a mapping of R into C, provided R is not of nonzeroi
characteristic F n. Furthermore, each m is in fact the trace of ani
i-additive mapping M of Ri into C in case R is not algebraic of boundedi
degree F n.
1
Throughout, R will represent a prime ring with extended centroid C.
The central closure RC q C of R will be denoted by S. A key lemma to
our work is the following result due to Martindale.
w xLEMMA 1.1 5, Corollary, p. 444 . Let a , . . . , a , b , . . . , b be elements1 m 1 m
in S such that m a xb s 0 for all x g R. If a , . . . , a are linearlyis1 i i 1 m
independent o¨er C, then b s 0 for all i s 1, . . . , m.i
A slight generalization of Lemma 1.1 is the following lemma which
seems to be more powerful.
LEMMA 1.2. Let a , b , c , d be elements in S such that m a xb qi i j j is1 i i
n c xd s 0 for all x g R. If a , . . . , a are linearly independent o¨er C,js1 j j 1 m
then each b is a linear combination of d , . . . , d o¨er C.i 1 n
Proof. Without loss of generality, we may assume that a , . . . , a , c ,1 m 1
. . . , c form a basis of the subspace spanned by all the a and c over C.r i j
m r m Write c s  a a q  b c for k s r q 1, . . . , n. Then  a x bk is1 k i i js1 k j j is1 i i
n . r  n .q a d q  c x d q  b d s 0 for all x g R and bks rq1 k i k js1 j j ksrq1 k j k i
qn a d s 0 for all i follows from Lemma 1.1ks rq1 k i k
w xAs an application we give a simple proof to the main result of 2 .
w xCOROLLARY 1.3 2, Theorem 3.2 . Let R be a prime ring. If f : R ª S is
a commuting additi¨ e mapping, then there exist l g C and an additi¨ e
 .  .mapping m : R ª C such that f x s l x q m x for all x g R.
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w  . x w  . x w  .xProof. Linearizing f x , x s 0 we see that f x , y s x, f y for all
w  2 . x w 2  .x w  .x w  .xx, y g R. Thus f x , y s x , f y s x, f y x q x x, f y s
w  . x w  . x w   .  2 ..  .x w  2 .f x , y x q x f x , y and hence y f x x y f x q xyf x q f x
 ..   .. xy xf x y q yf x yx s 0 for all x, y g R. If x is not in C, then 1 and
 .x are C-independent and so f x is a linear combination of 1 and x over C
 . w  . xby Lemma 1.2. On the other hand, if x is in C so is f x since f x , y s
w  .xx, f y s 0 for all y g R. Thus for each x g R there exist l , m g Cx x
 .such that f x s l x q m . Clearly we may assume that R is not commu-x x
w x  .tative, say, a, b / 0 for some a, b g R. Write f b s lb q m . For x g R0
w x w x w  . x w  .x w xwith x, b / 0, we have l x, b s f x , b s x, f b s l x, b and sox
w x wl s l. In particular, l s l. For x g R with x, b s 0, we have x qx a
x  .  .  .  .a, b / 0, and so l x q a q m s f x q a s f x q f a s l x q mxqa x x
 .q la q m . Hence l y l x g C and so l s l in case x f C. In othera x x
 .words, there exists l g C such that f x y l x g C for all x g R. Let
 .  .  .m x s f x y l x. Then m : R ª C is an additive mapping and f x s l x
 .q m x for all x g R.
w xThe theorem of Bresar 3, Theorem 1 on commuting traces of biaddi-Æ
tive mappings can also be proved via a similar argument. Instead of doing
this, we prove a more general result for n-additive mappings.
From now on, n will denote a fixed natural number and R will be
assumed to have characteristic 0 or ) n. Let M : Rn ª S be an n-additive
w  . xmapping such that M x, . . . , x , x s 0 for all x g R. We may assume
 .  .further that M is symmetric, namely, M x , . . . , x s M x , . . . , xs 1. s n. 1 n
for all x , . . . , x g R and for all permutations s g S , since we may1 n n
X X .  . replace M by M which is given by M x , . . . , x s 1rn!  M x ,1 n s g S s 1.n
.. . . , x .s n.
w  . xAs easily seen, a linearization of M x, . . . , x , x s 0 yields
w  . x M x , . . . , x , x s 0. Since M is assumed to be sym-s g S s 1. s n. s nq1.nq 1
metric, we have
nq1
M x , . . . , x , . . . , x , x s 0 1 . .Ã 1 i nq1 i
is1
for all x , . . . , x g R.1 nq1
We now come to our first main result of this paper.
THEOREM 1.4. Let R be a prime ring and M : Rn ª S an n-additi¨ e
w  . xmapping such that M x, . . . , x , x s 0 for all x g R. Assume that either
char R s 0 or char R ) n. Then for any x g R there exists m , m , . . . , m g0 1 n
 . n nyiC such that M x, . . . , x s  m x .is0 i
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Proof. Without loss of generality, we assume that M is symmetric. For
x, y g R, we have
2 2 2 2 2n M x , . . . , x , y , x q M x , . . . , x , y s 0 2 .  . .
2  .by setting x s ??? s x s x and x s y in 1 . Set1 n nq1
M s M x , . . . , x , x 2 , . . . , x 2 , M s M x , . . . , x , x 2 , . . . , x 2 , yi i , 1 /  /^ ` _^ ` _ ^ ` _^ ` _
i n y i i n y i y 1
 .and, for convenience, M s 0. Then 2 can be rewritten asn, 1
2 w xn M , x q M , y s 0. 3 .0, 1 0
 . w xLet J be the mapping given by J r s xr q rx for r g R. Since J r, x s
w 2 x  .r, x for r g R, 3 becomes
w x w xnJ M , x q M , y s 0. 4 .0, 1 0
In general, we have
k
k in nkq1 iw x w xy1 n y k J M , x q y1 J M , y s 0 5 .  .  .  .k , 1 i /  /k i
is0
 .  .for k s 0, 1, . . . , n. We prove 5 by induction on k. For k s 0, 5 reduces
 .  .to 4 and we are done. Assume that 0 F k F n y 1 and 5 holds. By
2  .setting x s ??? s x s x , x s ??? s x s x, and x s y in 1 ,1 nyky1 nyk n nq1
we have
2 w x w xn y k y 1 M , x q k q 1 M , x q M , y s 0, .  .kq1, 1 k , 1 kq1
w x  .  .. w x  and so M , x s y n y k y 1 r k q 1 J M , x y 1r k qk , 1 kq1, 1
..w x  .1 M , y . Hence 5 becomeskq1
kq1 n kq2 w xy1 n y k y 1 J M , x .  . kq1, 1 /k q 1
k
kq1 in nkq1 iw x w xq y1 J M , y q y1 J M , y s 0. .  .kq1 i /  /k q 1 i
is0
That is,
kq1 n kq2 w xy1 n y k y 1 J M , x .  . kq1, 1 /k q 1
kq1
i n i w xq y1 J M , y s 0, . i /i
is0
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 .  .which is an identity obtained from 5 by replacing k by k q 1. Hence, 5
holds for all k s 0, 1, . . . , n. In particular, in case k s n, we have
n
i n i w xy1 J M , y s 0, . i /i
is0
or equivalently
n i ii n j iyjw xy1 x M , y x s 0, .  i /  /ji
is0 js0
i i i j iyj .  .since J r s  x rx for all r g R. Exchanging the order of sum-jjs0
mation, we have
n n
j ja x yx y x yb x s 0 6 .  .  . j j
js0 js0
n i i iy jn .  .  . .  .for all x, y g R, where a x s  y1 x M and b x sjj isj i ji
n i i iy jn .  . . y1 M x . Suppose that x is not algebraic of degree F n,jis j ii
that is, 1, x, . . . , x n are C-independent. It follows from Lemma 1.2 that
 . neach b x is a linear combination of 1, x, . . . , x over C. In particular,j
 .  .n  . n nyiM x, . . . , x s M s y1 b x s  m x for some m , m , . . . , mn n is0 i 0 1 n
g C. Suppose that x is algebraic of degree t q 1 F n over C, say,
tq1 a x i s 0 with a g C, a s 1, and 1, x, . . . , x t C-independent. Foris0 i i tq1
w x w xany y g R, we have n M , x q M , y s 0 by setting x s ??? s xny1, 1 n 1 n
 .  .s x and x s y in 1 . Let J be the mapping given by J r snq1 i i
i iyj j w x w iq1 x x rx for r g R. Then J r, x s r, x and sojs0 i
t t t
iq1w x w xa J M , y s yn a J M , x s yn a M , x  iq1 i n iq1 i ny1, 1 iq1 ny1, 1
is0 is0 is0
t
iq1s yn M , a x s 0.ny1, 1 iq1
is0
Equivalently,
t i
iy j jw xa x M , y x s 0.  iq1 n
is0 js0
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Exchanging the summation notations, we have
t t
j jc x yx y x yc x s 0 .  . j j
js0 js0
 . t iyjfor all y g R, where c x s  a x M for each j s 0, 1, . . . , n.j isj iq1 n
t  .Now 1, x, . . . , x are C-independent, so each c x is a linear combinationj
t  .of 1, x, . . . , x over C by Lemma 1.2. In particular, M x, . . . , x s M sn
 . t tyic x s  m x for some m , m , . . . , m g C.t is0 i 0 1 t
2
In this section, we will investigate the necessary and sufficient conditions
for a mapping N : A ª B to be the trace of an n-additive mapping
n  .M : A ª B, where A and B are abelian groups written additively .
Suppose first that M : An ª B is an n-additive mapping. For distinct
elements x , . . . , x g A with m F n, the n-additivity of M gives1 m
 m .  m m .   .  ..nT  x s M  x , . . . ,  x s   M f 1 , . . . , f nM is1 i is1 i is1 i f / L : V f g L
 4 nwhere V s x , . . . , x is a set of m elements and the summation 1 m f g L
ranges over all mappings f onto L. However, if x , . . . , x are not neces-1 m
 m .sarily distinct, such an expression for T  x need not be true. On theM is1 i
Ä  .  .  .4other hand, the set V s x , 1 , x , 2 , . . . , x , m is indeed a set of m1 2 m
distinct elements in the Cartesian product A = Z of A with the integers
 m .   .  ..nZ, and we have T  x s   M p f 1 , . . . , p f n , whereÄM is1 i f / L : V f g L
 .p denotes the projection of A = Z onto A given by p x, k s x. This
explains why A = Z is introduced in the sequel.
ÄFor a mapping N : A ª B, we associate it with a mapping N on the
nonempty finite subsets of A = Z which is given inductively by
Ä .  .4.  .  .1 N x, k s N x for x, k g A = Z
Ä Ä .  .  .  .2 N V s N  x y  N L for V : A = Z with 1 x, k .g V f / L ; V
< <- V - `,
Äwhere L ; V means that L is a proper subset of V. Note that N x ,1
Ä.  .4.  .  .4.1 , . . . , x , m s N x , k , . . . , x , k whenever k , . . . , k are mm 1 1 m m 1 m
distinct integers. Although it is possible to give an explicit formula for
Ä .  .4.N x , 1 , . . . , x , m , we shall need only the special case when x s ???1 m 1
s x .m
m myj mÄ .  .4.  .  .  .LEMMA 2.1. N x, 1 , . . . , x, m s  y1 N jx .jjs1
Proof. We will proceed by induction on m. For m s 1, the equality
Äfollows from the definition of N. Assume that m ) 1 and the equality is
 .  .4true for natural numbers - m. Let V s x, 1 , . . . , x, i for i s 1, . . . , m.i
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Then
my1
mÄ Ä ÄN V s N mx y N L s N mx y N V .  .  .  .  . m i /i
f/L;V is1
my1 i iiy j ms N mx y y1 N jx .  .  .   /  /ji
is1 js1
my1 my1 iiy j ms N mx y y1 N jx .  .  .   /  /ji
js1 isj
my1 my1 m y jmiy js N mx y y1 N jx .  .  .   /j  /i y j
js1 isj
myjy1my1 m m y jis N mx y y1 N jx .  .  .  /  /j  /ijs1 is0
my1 mmy js N mx q y1 N jx .  .  .  /j
js1
m mmy js y1 N jx , .  .  /j
js1
completing the proof.
The following technical lemma will be used to prove the additivity of
some mapping related to N.
LEMMA 2.2.
ÄN x , 1 , . . . , x , m , x q x , m q 1 4 .  .  . .1 m mq1 mq2
Äs N x , 1 , . . . , x , m , x , m q 1 , x , m q 2 4 .  .  .  . .1 m mq1 mq2
Äq N x , 1 , . . . , x , m , x , m q 1 4 .  .  . .1 m mq1
Äq N x , 1 , . . . , x , m , x , m q 2 . 4 .  .  . .1 m mq1
Proof. For m s 0, we have
ÄN x q x , 1 s N x q x 4 .  . 1 2 1 2
Ä Ä Äs N x , 1 , x , 2 q N x , 1 q N x , 2 4  4  4 .  .  .  . .  .  .1 2 1 2
Äby the definition of N. Assume next that m ) 0 and the assertion holds
 .  .4 Xfor nonnegative integers - m. Let V s x , 1 , . . . , x , m and V s V1 m
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 .  .4j x , m q 1 , x , m q 2 . Thenmq 1 mq2
ÄN V j x q x , m q 1 4 . .mq 1 mq2
mq2
Äs N x y N L . i /
is1 f/L:V
Äy N L j x q x , m q 1 4 . . mq 1 mq2
L;V
mq2
Äs N x y N L . i /
is1 f/L:V
Äy N L j x , m q 1 , x , m q 2 4 .  . . mq 1 mq2
L;V
Äy N L j x , m q 1 4 . . mq 1
L;V
Äy N L j x , m q 2 4 . . mq 2
L;V
mq2
Ä Äs N x y N L q N V j x , m q 1 4 .  . . i mq1 / Xis1 f/L;V
Äq N V j x , m q 2 4 . .mq 2
Ä X Ä Äs N V q N V j x , m q 1 q N V j x , m q 2 , 4  4 .  .  . .  .mq 1 mq2
completing the proof.
In case N is the trace of an n-additive mapping, we give an explicit
Äformula for N in
n LEMMA 2.3. Let M : A ª B be n-additi¨ e and N s T . For V s x ,M 1
Ä.  .4  .   .  ..n1 , . . . , x , m with m F n, we ha¨e N V s  M p f 1 , . . . , p f n .m f g V
Proof. For m s 1, there is nothing to prove. Assume that m ) 1 and
< <  .the assertion holds for L : A = Z with 1 F L - m. Since N  x x, k .g V
  .  ..ns   M p f 1 , . . . , p f n as we have seen at the begin-f / L : V f g L
Ä Ä .  .  .ning of this section, we have N V s N  x y  N L s x, k .g V f / L ; V
 .   .  ..   .n nN  x y   M p f 1 , . . . , p f n s  M p f 1 x, k .g V f / L ; V f g L f g V
 .., . . . , p f n . The proof is completed by induction.
We are now in a position to give a necessary and sufficient condition for
a mapping N : A ª B to be the trace T for some suitable n-additiveM
mapping M : An ª B.
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THEOREM 2.4. Let A and B be abelian groups and n a natural number.
Suppose that n! is in¨ertible in B, that is, for each x g B there exists a unique
 .y g B such that n! y s x. Then a mapping N : A ª B is the trace of some
n-additi¨ e mapping if and only if both the following conditions hold:
 .  . n  .1 N kx s k N x for any k g Z and x g A,
Ä .  . < <2 N V s 0 for any V : A = Z with V s n q 1.
Proof. Suppose first that M : An ª B is an n-additive mapping such
 .  .  .  . n  .that M x, . . . , x s N x . Then N kx s M kx, . . . , kx s k M x, . . . , x
n  . < <s k N x follows from the n-additivity of M. If V : A = Z and V
 .   .  ..ns n q 1, then N  x s   M p f 1 , . . . , p f n s x, k .g V f / L ; V f g L
Ä Ä .  . N L by the preceding lemma. Hence N V s 0.f / L ; V
Conversely, suppose that N satisfies both conditions. We define a
n Ä .  .  .  .4.mapping M : A ª B by M x , . . . , x s 1rn! N x , 1 , . . . , x , n .1 n 1 n
Then M is obviously symmetric. Moreover, M is n-additive. By symmetry,
 .  .it suffices to verify that M x , . . . , x , x q x s M x , . . . , x , x1 ny1 n nq1 1 ny1 n
 .q M x , . . . , x , x for all x g A. In light of Lemma 2.2, we have1 ny1 nq1 i
M x , . . . , x , x q x .1 ny1 n nq1
1 Äs N x , 1 , . . . , x , n y 1 , x q x , n 4 .  .  . .1 ny1 n nq1n!
1 Äs N x , 1 , . . . , x , n y 1 , x , n , x , n q 1 4 .  .  .  . .ny1 n nq1n!
ÄqN x , 1 , . . . , x , n y 1 , x , n 4 .  .  . .1 ny1 n
ÄqN x , 1 , . . . , x , n y 1 , x , n q 1 4 .  .  . .1 ny1 nq1
s M x , . . . , x q M x , . . . , x , x .  .1 n 1 ny1 nq1
since the first term vanishes by Condition 2. Finally, by Lemma 2.1 we
have
n1 1 ny i nÄM x , . . . , x s N x , 1 , . . . , x , n s y1 N ix 4 .  .  .  .  . .   /in! n! is1
n1 ny i n ns y1 i N x s N x , .  .  .  /in! is1
n nyi n n .  . w xsince  y1 i s n! 4, Example 8.3 . This completes the proof.is1 i
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3
In this section we will show that the coefficients m , m , . . . , m in0 1 n
Theorem 1.4 assume some particular form in case R satisfies certain
additional conditions. This is the final main result of the present paper.
THEOREM 3.1. Let R be a prime ring and M : Rn ª S an n-additi¨ e
w  . xmapping such that M x, . . . , x , x s 0 for all x g R. Assume that either
char R s 0 or char R ) n and that R is not algebraic of bounded degree F n
o¨er C. Then there exist m g C and mappings m : R ª C, i s 1, . . . , n, such0 i
 . nthat each m is the trace of an i-additi¨ e mapping and M x, . . . , x s m x qi 0
 . ny1  .  .m x x q ??? qm x x q m x for all x g R.1 ny1 n
Proof. First we may assume that M is symmetric. For x, y, z g R, we
have
n M xy , . . . , xy , z , xy q M xy , . . . , xy , z s 0 7 .  .  .
 .by setting x s ??? s x s xy and x s z in 1 . Set1 n nq1
M s M x , . . . , x , y , . . . , y , xy , . . . , xy , /i , j ^ ` _^ ` _^ ` _
i j n y i y j
M s M x , . . . , x , y , . . . , y , xy , . . . , xy , z /i , j , 1 ^ ` _^ ` _ ^ ` _
i j n y i y j y 1
 .and M s M s 0. Then 7 can be rewritten asn, 0, 1 0, n, 1
w x w xn M , xy q M , z s 0. 8 .0, 0, 1 0, 0
In general, we have
k kk n ky j jy1 n y k x M , xy y .  .  j , kyj , 1 /  /jk
js0
k i ii n iy j jq y1 x M , z y s 0 9 .  .  j , iyj /  /ji
is0 js0
 .for all k s 0, 1, . . . , n. The case when k s 0 is just 8 . Assume that
 .  .0 F k F n y 1 and 9 holds. Since the first sum in 9
k kk n ky j jy1 n y k x M , xy y .  .  j , kyj , 1 /  /jk
js0
k kk ns y1 n y k .  .  /  /jk
js0
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= ky j jq1 kyjq1 jx M , x y q x M , y y .j , kyj , 1 j , kyj , 1
k kk n ky j jq1s y1 n y k x M , x y .  .  j , kyj , 1 /  /jk
js0
k jkkq1 n ky jq1 jq y1 n y k x M , x y .  .  jy1, kyjq1, 1 /  /jk k y j q 1js1
k n y k y 1kkq1 n ky jq1 jq y1 n y k x M , xy y .  .  j , kyjq1, 1 /  /jk k y j q 1js0
k 1kkq1 n ky jq1 jq y1 n y k x M , z y .  .  j , kyjq1 /  /jk k y j q 1js0
  .applying 1 by setting x s ??? s x s x, x s ??? s x s y, x s1 j jq1 kq1 kq2
.??? s x s xy and x s zn nq1
kq1 kk n ky jq1 js y1 n y k x M , x y .  .  jy1, kyjq1, 1 /  /j y 1k
js1
k kkq1 n ky jq1 jq y1 n y k x M , x y .  .  jy1, kyjq1, 1 /  /j y 1k
js1
kq1 nq y1 n y k y 1 .  . /k q 1
=
k k q 1 ky jq1 jx M , xy y j , kyjq1, 1 /j
js0
k k q 1kq1 n ky jq1 jq y1 x M , z y .  j , kyjq1 /  /jk q 1
js0
k n kq1w xs y1 n y k M , x y .  . k , 0 , 1 /k
kq1 nq y1 n y k y 1 .  . /k q 1
=
k k q 1 ky jq1 jx M , xy y j , kyjq1, 1 /j
js0
k k q 1kq1 n ky jq1 jq y1 x M , z y .  j , kyjq1 /  /jk q 1
js0
n y k y 1kq1 n kq1w xs y1 n y k M , xy y .  . kq1, 0, 1 /k k q 1
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1kq1 n kq1w xq y1 n y k M , z y .  . kq1, 0 /k k q 1
kq1 nq y1 n y k y 1 .  . /k q 1
=
k k q 1 ky jq1 jx M , xy y j , kyjq1, 1 /j
js0
k k q 1kq1 n ky jq1 jq y1 x M , z y .  j , kyjq1 /  /jk q 1
js0
  .applying 1 by setting x s ??? s x s x, x s ??? s x s xy and1 kq1 kq2 n
.x s znq1
kq1 n kq1w xs y1 n y k y 1 M , xy y .  . kq1, 0, 1 /k q 1
kq1 n kq1w xq y1 M , z y . kq1, 0 /k q 1
k k q 1kq1 n ky jq1 jq y1 n y k y 1 x M , xy y .  .  j , kyjq1, 1 /  /jk q 1
js0
k k q 1kq1 n ky jq1 jq y1 x M , z y .  j , kyjq1 /  /jk q 1
js0
kq1 k q 1kq1 n ky jq1 js y1 n y k y 1 x M , xy y .  .  j , kyjq1, 1 /  /jk q 1
js0
kq1 k q 1kq1 n ky jq1 jq y1 x M , z y , .  j , kyjq1 /  /jk q 1
js0
 .9 becomes
kq1 k q 1kq1 n ky jq1 jy1 n y k y 1 x M , xy y .  .  j , kyjq1, 1 /  /jk q 1
js0
kq1 i ii n iy j jq y1 x M , z y s 0. .  j , iyj /  /ji
is0 js0
 .Hence 9 holds for all k s 0, 1, . . . , n. In case k s n, we have
n i ii n iy j jy1 x M , z y s 0. .  j , iyj /  /ji
is0 js0
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Exchanging the order of summation, we have
n n
j ja x , y zy y x zb x , y s 0 10 .  .  . j j
js0 js0
n i i iy jn .  .  . .  .for all x, y, z g R, where a x, y s  y1 x M and b x, yjj isj j, iyj ji
n i i iy j nn .  . .  .  .s  y1 M y . Note that a x, y s y1 M sjis j iy j, j n n , 0i
 .n  . w  . xy1 M x, . . . , x is independent of y. Also, a x, y , x s 0 for all x, y gj
R and j s 0, 1, . . . , n. We prove this by induction on j. For j s n, we have
w  . x w .n  . xa x, y , x s y1 M x, . . . , x , x s 0 by assumption. Assume that 1 Fn
w  . xj F n and a x, y , x s 0 for all x, y g R. Thenj
a x , y , x .jy1
n ii n iy jq1s y1 x M , x . jy1, iyjq1 /  /j y 1i
isjy1
n i y j q 1iiq1 n iy jq1s y1 x M , y . j , iyj /  /j y 1i jisj
ny1 n y iiiq1 n iy jq1q y1 x M , xy . j , iyjq1 /  /j y 1i jisjy1
  .applying 1 by setting x s ??? s x s x, x s ??? x s y and x1 j jq1 iq1 iq2
.s ??? s x s xynq1
n iiq1 n iy jq1s y1 x M , y . j , iyj /  /ji
isj
ny1 i q 1iq1 n iy jq1q y1 x M , xy . j , iyjq1 /  /ji q 1
isjy1
n iiq1 n iy jq1s y1 x M , y . j , iyj /  /ji
isj
ny1 i q 1iq1 n iy jq2q y1 x M , y . j , iyjq1 /  /ji q 1
isjy1
ny1 i q 1iq1 n iy jq1q y1 x M , x y . j , iyjq1 /  /ji q 1
isjy1
n iiq1 n iy jq1s y1 x M , y . j , iyj /  /ji
isj
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n ii n iy jq1q y1 x M , y . j , iyj /  /ji
isj
n ii n iy jq y1 x M , x y . j , iyj /  /ji
isj
s a x , y , x y s 0. .j
 .Note that, for any y g R, each a x, y is the trace of the n-additivej
mapping
n ii nA x , . . . , x s y1 x ??? x .  .j 1 n 1 iyj /  /ji
isj
=M x , . . . , x , x y , . . . , x y , y , . . . , y . .iy jq1 i iq1 n
w  . x w  . x  .Now A x, . . . , x , x s a x, y , x s 0 for all x g R and so a x, y is aj j j
linear combination of 1, x, . . . , x n over C by Theorem 1.4. Since R is not
algebraic of bounded degree F n over C, there exists x g R such that0
1, x , . . . , x n are C-independent. Hence there exist mappings a : R ª C,0 0 i j
 . n  . ii, j s 0, 1, . . . , n, such that a x , y s  a y x for all y g R. Thusj 0 is0 i j 0
 .from 10 we have
n n
i jx z a y y y b x , y s 0 .  . 0 i j i 0 /
is0 js0
 . n  . jfor all y, z g R. Therefore, b x , y s  a y y for all y g Ri 0 js0 i j
 .  .n  .and i s 0, 1, . . . , n. In particular, M y, . . . , y s y1 b x , y sn 0
n  . ny j  .  .n  .  . m y y where m y s y1 a y . Since a x , y is indepen-js0 j j n, nyj n 0
 .  .dent of y, so are the a y for each i s 0, 1, . . . , n. Hence m y sin 0
 .n  .y1 a y is independent of y. Sincenn
n ii n iy ja x , y s y1 x M x , . . . , x , y , . . . , y , x y , . . . , x y , .  .  /j 0 0 0 0 0 0 /  /ji ^ ` _^ ` _ ^ ` _isj
i y jj n y i
 .it is the trace of an n y j -additive mapping when viewed as a mapping in
 .y. Hence each a x , y satisfies the two conditions in Theorem 2.4. Fromj 0
 . n  . i na x , y s  a y x and the C-independence of 1, x , . . . , x , it fol-j 0 is0 i j 0 0 0
lows that each mapping a also satisfies both two conditions and hence isi j
 .the trace of some n y j -additive mapping. In particular, each m definedj
 .  .n  .by m y s y1 a y , is the trace of some j-additive mapping for allj n, nyj
j s 1, . . . , n. This completes the proof.
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In the special case when n s 2, we have Bresar's result as a conse-Æ
quence of Theorem 3.1. Recall that a prime ring R satisfies the standard
identify S in four variables if and only if R is algebraic of bounded degree4
F 2 over its extended centroid C.
w xCOROLLARY 3.2 3, Theorem 1 . Let R be a prime ring with char R / 2
w  . xand B : R = R ª S a biadditi¨ e mapping such that B x, x , x s 0 for all
x g R. Assume that R does not satisfy S . Then there exist an element l g C,4
an additi¨ e mapping m : R ª C, and a biadditi¨ e mapping n : R = R ª C
 . 2  .  .such that B x, x s l x q m x x q n x, x for all x g R.
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